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ABSTRACT
We argue that the Born-Infeld solution is unstable under inclusion of the lowest order
derivative corrections to the electrostatic energy density for the D9−brane coming from string
theory. Moreover, at this order we nd no nontrivial electrostatic solutions on the D9-brane
with the energy density everywhere nite.
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The Born-Infeld (BI) nonlinear generalization of electrodynamics is of current interest due
to its role as an eective action for Dp-branes.[1],[2] One of its main features is that there is a
maximum allowed value jEjmax for electrostatic elds. In the 300s, Born and Infeld promoted
this theory because it has a spherically symmetric solution with nite classical self-energy.[3]
It agrees with the Coulumb solution at large distances, but has a nite limit for the radial
component of the electric eld at the origin. This limit is just jEjmax. As a result, the vector
eld is singular at the origin. The solution is thus dened on a Euclidean manifold with one
point (corresponding to the ‘source’) removed, despite the fact that the energy density is well
behaved at the point. The theory contains one dimensionful parameter (namely, jEjmax), which
was determined by Born and Infeld after xing the classical self-energy with the electron mass.
For the Dp-brane the dimensionful parameter is the string tension, and so any BI-type solution
(or BIon[4]) appearing there should correspond to a charged object with characteristic mass at
the string tension. The fact that energetics admits vector elds that are not everywhere dened
indicates that BI theory cannot be a complete description.[5] Moreover, in string theory, the
BI eective action is only valid for slowly varying elds, i.e. it is the lowest order term in the
derivative expansion for the full eective Dp-brane action. Since derivatives of the elds are
not ‘small’ in the interior of the BI solution, the validity of such a solution in string theory can
be questioned. It is therefore of interest to know whether or not analogues of the BI solutions
survive in the full eective Dp-brane action. A derivative expansion has been recently carried
out to obtain lowest order string corrections to the BI action for the space-lling D9-brane.[6],[7]
With the restriction to electrostatic congurations, we nd that the BI solution is unstable
with the inclusion of such corrections, indicating that such singular eld congurations may
not follow from the full eective D9-brane action. The reason is basically due to the result
that derivative corrections make it energetically dicult for the electrostatic eld to attain its
maximum value jEjmax. Moreover, we nd no nontrivial electrostatic solutions on the D9-brane
with the energy density everywhere nite.
The situation here is in contrast to skyrmion physics, where there are no nontrivial solutions
to the zeroth order eective action for QCD. Higher order derviative corrections, like the
Skyrme term, are necessary to stabilize the skyrmion. On the other hand, BIons appear at
lowest order, but become unstable upon including the next order electrostatic corrections.
There remains the possibility, however, of stabilizing the BIon with the inclusion of other
degrees of freedom. For example, if we allow for magnetic eects one might nd that the higher
order corrections give a magnetic dipole moment to the BIon. Another possibility, is that BI-
type solutions appear after dimensional reduction. In this case, the BI action is replaced by
the Dirac-Born-Infeld action (DBI), containing additonal degrees of freedom associated with
the transverse modes of the brane. A general discussion of the classical solutions to the DBI
action can be found in [4], and it would be of interest to examine how they are aected by the
derivative corrections[6]. We hope to address these issues in future works.
We begin with a review of the Born-Infeld electrostatics. The BI action is expressed in
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terms of the determinant of the matrix with elements
h = η + (2piα0)F , (1)






d10x L(0)BI , L(0)BI =
√
− det[h ] (2)
In the absence of magnetic elds L(0)BI simplies to
L(0)BI =
√
1− ~f2 , (3)
where ~f = 2piα0 ~E, and ~E is the electric eld strength. It is only dened for j ~Ej below
jEjmax = (2piα0)−1. Field strengths above this critical value are said to be associated with
string instabilities. For nine dimensional spherically symmetric electrostatic congurations,
we dene the angular variable θ, taking values between pi/2. It is a function of the radial












where we introduced a shift to make it positive, and Ωd is the volume of a d-sphere. As is
usual, the degrees of freedom are the potentials. Here there is only φ(r), where sin θ(r) = φ0(r),





The integration constant Q is the charge. (5) approaches the 9d Coulomb solution when
r !1. When r ! 0, θ ! 2 sign(Q), and so the radial energy density vanishes as r ! 0 and
the resulting self-energy of the BI solution is nite. This is despite the fact that the vector
eld ~f is ill-dened at the origin.
In addition to the nine dimensional spherically symmetric solution, it is simple to write
down ‘axially symmetric’ BI solutions, having ~f singular along a n(< 8)-dimensional Euclidean
surface on the D9−brane. For this we replace the ‘8’ everywhere in (4) and (5) by 8− n. In
that case, (4) is the energy per unit volume along the surface, and r is the distance from the
singular surface.
A derivative expansion has been carried out in [6],[7] to obtain corrections to the BI action
for the D9-brane. At rst order, one obtains terms involving rst and second derivatives of
F . They are contained in the rank-4 tensor
Sγ = 2piα0∂∂γF + (2piα0)2h(∂F∂γF − ∂F∂γF) , (6)
which is antisymmetric in the last two indices. Here hh = δ

 . Up to rst order the action
is













 = hhhhγ(SSγ − 2SγS) , (7)
where κ = (2
′)2
48 . We once again assume no magnetic elds and that ~f = 2piα
0 ~E = r^ sin θ(r),
r^ being the radial direction with radial coordinate r. Then the only nonvanishing component
of S is





































and we have absorbed κ in a rescaling of the radial coordinate r. From the correction term
there is a divergence in the energy density when θ = pi/2 (corresponding to the maximum
value for the electrostatic eld), when θ0 and θ00 are nonvanishing. Extremization with respect
to the potential φ, which is once again dened by sin θ(r) = φ0(r), gives the following fourth







r8 tan θ H 02
cos2 θ
= (Q− r8 tan θ) cos2 θ , (11)
The right hand side vanishes for the original BI solution (5), while the left hand side represents
derivative corrections. Substituting (5) into the left hand side gives a vanishingly small correc-
tion as r !1, but it is singular for r ! 0. The BI solution therefore cannot be trusted near
the origin. We note that (11) is invariant under Q ! −Q and θ(r) ! −θ(r), and this gives a
prescription for mapping any possible charged soliton solution to the anti-soliton solution.









































respectively, which is equivalent to (11).
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Now we attempt to solve (11). We shall assume the limiting value of pi/2 for θ(r) as r ! 0.y
It has to be approached slow enough so that the integral over the correction term in (9) is










= (Q− r8)  , (12)
where H 0 ! −(log )00. For a monotonic log  which tends to minus innity as r ! 0 and
respects the nite energy requirement, we claim that the left hand side of (12) is positive. Of
course, the second term is positive, and it contributes (up to a factor) to the radial energy
density. Finite energy implies that r times the second term must vanish as r ! 0. The same
must then be true for the rst term on the left hand side of (12). So r8H 0/3 should tend to
zero at a rate faster than (or equal to) r. A monotonic log  that tends to minus innity means
that H 0 tends to positive innity, which then means that the rst term on the left hand side
of (12) is positive. Comparing with the right hand side of (12), for Q  0 there can be no








, as r ! 0 (13)
It is easy to check that it is consistent with the requirement of nite energy for small r. (For this
one only needs that (r) goes to zero slower than r5=3.) On the other hand, after numerically
integrating this solution using Mathematica to large r we nd that for any value of Q,  tends
to −pi/2 and the energy diverges as r !1. Below we plot the results for Q = 1:












fig.1 θ(r) vs. r fig.2 r8
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In g.2 we plot the radial energy density over Ω
89/4
(42′)5gs . If instead we start with the BI
(actually, Coulumb) solution at large r
θ(r) ! Q
r8
, as r !1 , (14)
†This agrees with the BI solution for Q > 0. It also appears to agree with the results of numerically integrating
(11) for Q > 0. More precisely, if we assume the BI solution (5) with Q > 0 for large r and numerically integrate
to small r then θ(r) tends to pi/2, as shown in g. 3.
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and numerically integrate to small r we nd that while θ(r) goes to the limit of pi/2, it does
not behave as in (13), and the energy diverges as r ! 0. Below we plot the results for Q = 1:













fig.3 θ(r) vs. r fig.4 r9
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Fig.4 shows that the radial energy density grows faster than 1/r at the origin. Note from (13)
that the slope of (r) is singular as r tends to zero, while it appears from g. 3 that the slope
vanishes in the limit. There is thus appearantly no agreement between the two numerical
integration procedures. Moreover, gs. 1-4 look qualitatively the same for all Q > 0. We
conclude that there are no nite energy spherically symmetric charged solutions to (11).
We also nd no axially symmetric charged solutions with nite energy density everywhere.
Here we are concerned with congurations with a singular electric eld vector along a n(< 8)-
dimensional Euclidean surface on the D9−brane, and so we replace r8 everywhere in (11) and
(12) by r8−n. For Q > 0 and n < 4, one now has the following solution to (12) near the origin
(r) !
(




, as r ! 0 (15)
As before, it is consistent with the requirement of nite energy for small r, but the energy
diverges after numerically integrating to large r. Furthermore, from (15) the slope of (r) is
again singular as r tends to zero, while if we numerically integrate the Coulumbic solution
Q/r8−n from large r to zero, the resulting slope appears to vanishes in the limit. So again
we nd no agreement between the two numerical integration procedures. For Q > 0 and
8 > n  4, we nd no solutions to (12) satisfying the requirement of nite energy near the
origin.
Above we found negative results for all congurations where θ(r) tends to pi/2 (and by
the reflection symmetry −pi/2) as r goes to zero. From the results of numerical integration,
one ends up with these limiting values after integrating from (14), with Q 6= 0, to small r.
It remains to consider congurations associated with zero charge. In this case, θ(r) for any
spherically symmetric solution would not fall o as a power as r !1, but rather
θ(r)!
{




, as r !1 , (16)
where α = 8−1=4 and A and B are integration constants. For Q = 0, we argued above that
θ(r) cannot go to pi/2 (and −pi/2) as r ! 0, with the proviso of nite energy and that log 
6
goes monotonic to minus innity for small r. A natural choice would then be that θ(r) goes
to zero as r ! 0. More precisely,
θ(r)! Cr , as r ! 0 , (17)
where C is an integration constant. Such congurations give a well dened vector eld at the
origin. A standard procedure is for nding solutions is to numerically integrate (11) starting
from both (16) and (17) to some xed value of r, and match the function and its derivatives
at that point. We found no values for the constants A, B and C where this is possible.
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